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What is a unitary t-design?

= An e-approximate unitary t-design is|a probability distribution v on SU(2")

= Statistically indistinguishable from the Haar measure

= ft-th moment of this distribution =, t-th moment of the Haar measure

= Define a mixed unitary channel on t copies of n qubits ((Czn)

Moy Ao Eyo, UBE-A- (U1

®t

= Definition: v is an exact unitary t-design if H;, = H; yaar

» If Hy), = Higaar forall £ = 1, then v is the Haar measure on SU(2™)



Approximate designs

)"

= Define a mixed unitary channel on t copies of n qubits ((Czn
Moy Ao Eyo, UBE- A (U1

= Definition: v is an € additive error approximate unitary t-design if
”j'[t,v o j'[t,Haar

<€

0



Approximate designs (multiplicative error)

= Define a mixed unitary channel on t copies of n qubits ((Czn)®t ;
Moy Ao Eyo, UBE- A (U1
= Definition: v is an € multiplicative error approximate unitary t-design if
(1 —¢€)  Hinaar S Hey S (1+6) - HiHaar

= Multiplicative error is much stronger than additive error

A random walk model: circuits with L i.i.d. random gates

Most common = [J;--Uy,U; whereeach U; ~ v

x[, __

recipe to generate
unitary designs A

= How fast does it converge to a t-design?



Multiplicative error designs from spectral gaps

= Let v be a distribution on SU(2") for one step/walk
Q:=Ey-,(UQ® )%

= The largest singular value of Q is 4;(Q) = 1

= The spectral gap forvis A(v,t) =1 — 2,(0Q)

» Lemma [BHH12]: v*! is a unitary t-design with multiplicative error € if

1
L=0 (A(v, 0 : (nt + log(l/e)))




e — O(1) multiplicative error
[ I
paper model spectral gap el

BHH12 Brickwork Q(n~t=29) 0(nt'")
Haferkamp22 Brickwork Q(n~tt=4o) O(nt°> o)
[ HLT24 Pauli rotations Q™ O(n -log(n) - %) ]
Permutation + Phase + )
5pm MPSY24 Clifford X O(poly(n) - t9)
Products of exponentiated
4:30pm - CBBDHX24 sums of perrl;lutations X O(poly(n) - £ - polylog(t))
Short pl . . _
on()fﬁﬁrigz;y CHHIMT24 Brickwork Qn™H O(nt) = 0(nt - (logt)7)
= Explicit constants: = The spectral gap holds for = Simple construction
the spectral gap is ALL t = 1. All other and proof: the entire

at least 1/(4t). papers holds for t < 29, paper is 21 pages.



Next

® Our construction

= What is a random Pauli rotation?
= The spectral gap bound

= Proof sketch



Main result

= exp(iBP/2) with @ ~ [-m, ] and P ~ {I,X,Y, Z}®"\ {1®

= [—m, ] can be discretized

= With all-to-all connection, exp(if@P/2) can be implemented in depth 3 + 2 - logn

= Theorem: For any integers n,t > 1,

: = 1
Ap=1-—1, ([EH,P(QLGP/Z 0% e—lHP/2)®t) > 4_t

As aresult, L = 0(t%n) random Pauli rotations
eiQLPL/Z eiQZPZ/Z ei91P1/2

form O (1) multiplicative error unitary t-designs in circuit depth O(L logn).



Eg p(e?P? ® e—ieﬁ/2)®t

_ Rt _ Hermitian, 4; = 1
" Let usrewrite (elep/z X e—lBP/Z) = eltJr Our goal: upper bound 1,

= Note 1: For any Hermitian matrices A and B
el R eiB = oi(ARI+I®B)

" S0Jp =52 (@D R(PRI-IQP)®U D

g

eigenvalues:—2,0,2
= The eigenvalues of Jp are integers in [—t, t]
= Now average over 0: Eg..[_z, 7T]eie']” = Kp

the orthogonal projector
onto the kernel of Jp



K p is the kernel projector of Jp

(eiP/2 @ e—ieﬁ/z)‘g’t — oifJp

: S Xt
IEQJP(QLHP/Z R e—l@P/Z) — IEPEPn KP

1t . _ .
]”ZEZ- QDN '1QRQPRI-IRQP)QURQ N
j=1

= Note2:p:U = (UQ® U)® isa SU(2™) Lie group representation.
ps: P = Jp is the induced su(2™) Lie algebra representation.

Both p and p, can be decomposed into
irreducible representations (irreps)

A, (IEQ,P (e®P/2 & e‘wﬁ/z)@t) = max A, (IEPEan(T* (P)))

nontrivial Tep



A, (IEQJP (e9P/2 @ e‘wﬁ/z)@)t) = max /A, (IEpean(T* (P)))

nontrivial Tep

HZ
IH|I%

= Note 3: For any non-zero Hermitian matrix H, the kernel projector K(H) < I —

2
= So K (r.(P)) < | — =L

= Note 4: For each irrep 7, of su(2"),
Y.pep, T+(P)? « I is known as the quadratic Casimir operator.

= We know exactly which irreps occur in p,
= @Given any irrep 7., we know the exact scalar in the quadratic Casimir operator

" Lemma: For any non-trivial irrep 7 € p, Epep_ 7, (P)? = 21 Q.E.D.



Summary

= Random circuits from O (t“n) random Pauli rotations give a constant
multiplicative error unitary t-design.

= Each exp(i@P/2) can be implemented in O (log n) depth.
= All constants are nice and explicit.
= Qurresult holds forall t > 1.

= Simple proof of the spectral gap.



