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Outline : ① Unitary t-design defn & spectral gap
② Construction & results

③ Lie group SUCN)
⑭ Lie algebra su(N)

⑤ Proof : su(z)

⑧ Proof : sale
O7 Discussion

① An exact/approx . unitary t-design :

a distribution on su(N) which matches exactly/approximately with
the Haar distribution on all moments up to t ↓

efficient Q .
circuits
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the channel acts on distribution

- copies of the Hilbert space on SUCI")

additive error 11 It ,
Haar-He

,
rllg < E - most known

multiplicative error D-S) It+ Haar & Ht , r < (l+3) Ht , Haar-stronger
- connect to robust quantum circuit complexity

spectral gap vectorization of the channel
~ largest eval& L
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Note (A-B) = A + B2- 2AB = B - A
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Model : random walks on SR(2")

"
↓ defines one step of a random walk

take k steps to mix

1k independent draws ,
then multiply k unitaries together

spectral gap quantifies how fast the walk mixes

# Steps = 0 State (nt + log(Y)

"I
Spectral gap implies both additive & multiplicative designs



② Construction & results :

- Simple construction

- nice constants

- multiplicative error be we use a spectral gap argument
-

any moment to all other t-design analysis is limited to a certain regime
e . g. t = 0 (2) ·

t = 0 )2Yogn)
,

t =0(n)
- simple proof as long as you know su(f) rep theory

Each Step sample explip) where Mit [_i, [] -> can be discretized

punit Pn = (2 ,
X

,
Y , zj*U, 52QnY

->
Q : Does anyone immediately knows

now ?

Assume all-to-all connection· expliEP) can be implemented w/ depth OClogn)
- P

e . g. Yo
L

X ① use < In H & S to convert P into 92 ,Xen
*

(depth 2)
I 2

① = &

St Is Yo
② T =*

HE Ht X CNOT of depth OClogn)

Theorem : F n .
t > /

(x)= /E
or(ii)

expli explo

By sampling k random Pauli rotations i . e. explicpi) ... explici,
&

(* ) = 1 - It directly implies
O E-additive error t-designs if K 4t (In2 · nt + log(E)
② E-multiplicative k > 4t (In8 . nt + log(t)

Overall depth = O (logn · - (n+ + log(t)

Previous best spectral gap [Haf22] of (t-4-011))
this work & (t

= )



③ Lie group SU(N)

I : Ul + U
**
xn

**
is a SU(22) representation

t
call this

tensor product group rep : [(U) . [V) = [(UV)
representation- is reducible => decompose into irrepst

Hence : (A) = max 11 (explip) - E(u)/10
PETt

Umtaar

↑P is a SU(2
%) irreps that show up in It

Prop:EP(U)
= S

if e is the trivial ira

non-trivial

Pf . Schuw's Lemma

Hence : 1x) = max 11 (exp(ip) /Iv
BETt

non-trivial

↑
which I occur in It is well-understood

each 1 is labeled by a Young diagram



① Lie algebra su(N)
↓ algebra in the exponent of a unitary

exp(iH)

=> su(N) = Pir : H Hermitian ( 6 if N = 2"

= R-span &iP : P-PrY

Defn : J : su(N) -> u(M) is an su(N) representation
↓

[J(A)
.
JCBI) = J([A , BJ) commutator/Lie bracket

J linear map

Commutative diagram : VNXN Hermitian matrix H

iH = su(N)

expl
exp(iH) = SU(N)

i He su(N)

expl
expliH)eSU(N) -> HIM)

O
Lie group representation

-
>

induced Lie algebre representation

*

iH = su(N) -> u(M)

expl Lexp P+
1-to-1 correspondence

expliH)eSU(N) -> HIM)
⑨

Lie group representation

Key : V SU(N) representation & ,
VNXN Hermitian H

p(exp(i +) = exp(i(= (+)



e . g. recall [2(U) = (Hen)
* 2

tzx(H) = (H0]-2@H) @Idl + IxIo (HO2-Ici)

[tx(H)= (02)* CHOL-IOF) * (201)
+ 2 +

Q : What are the eigenvalue of [ex() PEPn ?

2Hence : (*) = max 11 E expliclop)l IM& L linear

= max 11 F explic&

Lemma 1 : eigenvalues of Px(E) are integers in [-t , +]

I ↑* is a subrep of Tex + Et* only has integer evels in [-t, +]

Lemma 2 : eigenspectrum of Px(E) is independent from PEPn

different Paulis are conjugated by a Clifford unitary

Stick do = 50 knon-zer
intea

w

=

max1IElonto the O-eigenspace of 1x (E)

* non-zero Hermitian H

Ker H & 1- The only inequality !!

also UPEPn
,
11//Zillo = t

-
Q : Anyone wants to guess

what this is ?

Prop : s = [[Px(E)]"I Casimir operator
PEPn

Proof sketch : S commutes with Px(P) VPEPn + Schur's Lemma



⑤ n = 1 su(z)

Virrep & of su(z) : Jx = Px(E) Kx = Ker((

1) EKplIo =5 11 (x + ky + kzllo kx = 2 - I
PEPI

- 1131- [TT) lo
where I = 0

, t ,
1 . 5
, ..

Jx has spectrum 2
,

1-1
,
-2, ....

- l

Jx + TY +T = e(e+ 1) ·I

=-
Hence (*)[5

For su(I)
,

we can calculate (A) :. e
., the spectral gap exactly

Back to the general case :

(x) =max/plo-milen
/ ↑

⑫
"

& O-norm is kept because

[JPdI
115pllo = e = t P

Goal : Prove Il [ llo VP-Tenontrivial

↓

(x) = 1 - Eit



⑧ su(z") :

* irrep & of sulz")
.
E[P *

(E] has explicit formula
DEPn

Nevertheless , let us see a simple counting argument from su(z)

suppose 5z ,
10) = &107 l = 11 Jzilla

=> co(Je , 10) = el

Consider all Q
.
WePn S .

t . SQ
.
W , z , 3 forms sulc)-subalgebra

e . g . zI
,
X=

,
Y =

There are 44% such Su(2) : sub algebras
For each triple

2 920/5z + Ja + Tw 10) = ele+ 1)

Hence
, 201 Ja + JE(V) = e

GHence
, col 107,

e2 + 4
It

2015 2, 107

=> Il till


