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Unitary synthesis

 Decompose arbitrary unitaries into smaller, structured circuits

 Exact synthesis with continuous gate sets

 e.g. single-qubits + CNOTs: Θ(4𝑛)

 Discrete gate sets: approximation to arbitrary precision 𝜖

 Solovay-Kitaev theorem: polylog(1/𝜖)

 Clifford + T circuits: fault-tolerance

 Clifford is cheap, T = 𝑅𝑧(𝜋/8) is expensive

 Clean ancillae 0  can be cheap too, depending on the architecture (e.g. neutral atom)

 Non-adaptive (fully unitary) implementation > adaptive circuits

How to decompose arbitrary unitaries using as few T gates as possible? 
What is the optimal T-count?



Prior work + this work

Special case 1: single-qubit unitaries

 Every 𝑈 ∈ SU(2) can be implemented to error 𝜖 using Θ(log(1/𝜖)) Hadamard and T 
gates; no ancilla [Ross & Selinger, 2014]

Take 𝜖 = 𝑂(1) to focus on the 𝑛-dependence; ෨𝑂 and ෩Ω hides poly(𝑛)
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The ෨𝑂(24𝑛/3) T-count algorithm

 Break an arbitrary 𝑈 ∈ U(2𝑛) down to more structured objects

 Step 1: recursively apply the cosine-sine (CS) decomposition

 Step 2: implement multi-controlled 𝑘-qubit unitaries

 Controlled by 𝑛 − 𝑘 qubits, targets 𝑘 qubits

 e.g. σ𝑥∈ 0,1 𝑛−𝑘 |𝑥⟩⟨𝑥| ⊗ 𝑉𝑥 



Cosine-sine (CS) decomposition

 Any 𝑈 ∈ U(2𝑛) can be written as

 𝑉1, 𝑉2, 𝑊1, 𝑊2 ∈ U 2𝑛−1

 The middle CS block is a multi-controlled single-qubit unitary: 

 σ𝑥∈ 0,1 𝑛−1 𝑅𝑦 𝜃𝑥 ⊗ 𝑥 ⟨𝑥|

 Controlled by the last 𝑛 − 1 qubits, act on the 1st qubit



Recursive CS decomposition

 Apply CS decomposition to 𝑉1, 𝑉2, 𝑊1, 𝑊2 simultaneously: 

𝑉1 =
𝐴1

𝐴2
⋅

𝐶0 𝑆0

𝑆0 −𝐶0
⋅

𝐵1

𝐵2
  and   𝑉2 =

𝐴3

𝐴4
⋅

𝐶1 𝑆1

𝑆1 −𝐶1
⋅

𝐵3

𝐵4

 Put together: 

𝑉1

𝑉2
=

𝐴1

𝐴2

𝐴3

𝐴4

⋅

𝐶0 𝑆0

𝑆0 −𝐶0

𝐶1

𝑆1

𝑆1

−𝐶1

⋅

𝐵1

𝐵2

𝐵3

𝐵4

 The A/B unitaries are 2-controlled (𝒏 − 𝟐)-qubit unitaries

 Controlled by the first two qubits

 The middle unitary is still a multi-controlled single-qubit unitary. Why?  

 If 1st qubit is |0⟩, apply CS0 block to the rest 

 If 1st qubit is |1⟩, apply CS1 block to the rest

 CS0 and CS1 blocks: act on 2nd qubit, controlled by the last 𝑛 − 2 qubits



Multi-controlled 𝑘-qubit unitary 

 With 𝑚 recursions, the task of implementing 𝑈 reduces to implementing

 1 + 2 + ⋯ 2𝑚−1 multi-controlled single-qubit unitaries

 2𝑚 multi-controlled (𝑛 − 𝑚)-qubit unitaries 

 [GKW24]: Any multi-controlled single-qubit unitary can be implemented to 
error 𝜖 with 

𝑂 2𝑛 log(1/𝜖) + log(1/𝜖)  T gates and ancillae 

 Our result: Write 𝐿 = 𝑘 + log(1/𝜖). Any multi-controlled 𝑘-qubit unitary can 
be implemented to error 𝜖 with 

𝑂 2𝑛+𝑘 ⋅ 𝐿 + 4𝑘 ⋅ 𝐿  T gates and ancillae 

 Overall: with 𝑘 = 𝑛 − 𝑚, the minimal T-count of ෨𝑂(24𝑛/3) happens at 𝑘 ≈ 𝑛/3 

 The associated ancilla-count is ෨𝑂(22𝑛/3) 



Summary & outlook

 We study the T-count of implementing an arbitrary 𝑛-qubit unitary

 Previously the best T-count is 𝑂 21.5𝑛 , achieved by two different approaches

 We break the “3/2” barrier and improve it to “4/3”

 Our approach: 

 recursively apply CS decomposition to break an unstructured unitary into simpler, more 
structured pieces: multi-controlled 𝑘-qubit unitaries

 How to achieve the conjectured scaling of 𝑂(2𝑛)? 

 How to make more use of significantly more ancillae? 
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