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Outline

• “random	circuits	form	𝑡-designs	with	𝑂(𝑡)	gates”	
implies	“random	circuits	are	incompressibile”Incompressibility

• “random	quantum	circuits	form	unitary	𝑡-designs	
with	𝑂(𝑡)	gates”Spectral	gaps

• Backbone:	an	efficient	implementation	of	Kassabov’s	
expander	on	the	alternating	group

Kassabov’s	
expander

I.	Incompressibility II.	Spectral	gaps III.	Kassabov’s	expander



What does “a circuit is incompressibile” mean? 

¡ The	circuit	complexity	of	𝑈,	𝐶! 𝑈 :=	the	minimum	number	of	“small”	gates	to	
implement	𝑈	approximately	(in	operator	norm).
¡ A	unitary	operator	𝑈 ∈ U(2!)

¡ A	Boolean	function	𝑓: 0,1 ! → {0,1}

¡ A	reversible	classical	circuit	𝜋 ∈ Sym(2!)

¡ Suppose	I	tell	you	that	𝑈	can	be	constructed	with	gates	𝑈", 𝑈#, ⋯ , 𝑈$.
¡ i.e.,	𝑈 = 𝑈"⋯𝑈#𝑈$	(a	circuit	description).

¡ Can	you	tell	me	if	𝑈	can	be	compressed?
¡ i.e.,	does	there	exist	another	decomposition	of	𝑈	using	< 𝐿	gates?	

¡ If	𝑈	cannot	be	compressed,	then	𝐶% 𝑈 = 𝐿.	

I.	Incompressibility



How hard is circuit compression? 

¡ Proving	circuit	lower	bounds	for	specific	functions	is	an	extremely	hard	problem!

¡ An	easier	problem:	what	is	the	circuit	complexity	of	a	uniformly	random	circuit?	

¡ A	Haar-random	unitary	is	also	complex.	
¡ Almost	all	n-qubit	states	and	unitaries	have	exponential	quantum	circuit	complexity.	

----	“A	random	function	is	complex.”	

I.	Incompressibility



An intermediate ques;on…

¡ Suppose	I	give	you	a	random	circuit	𝑈	generated	by	𝐿	gates,	can	you	compress	𝑈?

¡ Random	circuit	(a	random	walk	model)
¡ Apply	a	Haar-random	2-qubit	gate	at	each	step.	

¡ The	qubit	connectivity	can	be	arbitrary	(e.g.	brickwork,	all-to-all	connection,	…).	

¡ Theorem	1	(linear	growth	of	robust	quantum	circuit	complexity):	

With	high	probability,	a	random	quantum	circuit	on	n	qubits	with	𝑳 ≤ 𝑶(𝟐𝒏/𝟐)	
gates	cannot	be	implemented	approximately	by	any	quantum	circuit	with	fewer	
than	𝑳/𝐩𝐨𝐥𝐲(𝐧)	gates.		

----	“Random	quantum	circuits	are	incompressibile.”	

I.	Incompressibility



What is a unitary t-design? 

¡ A	𝝐-approximate	unitary	t-design	is	a	probability	distribution	on	U(2()
¡ Statistically	indistinguishable	from	the	Haar	measure

¡ t-th	moment	of	this	distribution	≈&	t-th	moment	of	the	Haar	measure

¡ A	random	circuit	with	𝐿	i.i.d.	gates	𝑈) ∼ ν

A	recipe	to	create	a	unitary	t-design	using	
the	random	circuit	model

¡ Specify	a	generating	set	that	is	universal

¡ Calculate	the	convergence	rate	𝐿 ≔ 𝐿(𝑛, 𝑡)

I.	Incompressibility

As	𝐿 → ∞,	𝜈 ∗ 𝜈 ∗ ⋯∗ 𝜈

!	times

→ 𝜇#$$%

𝜈 𝜈 𝜈



Incompressibility follows from “linear” unitary t-designs

¡ Lemma:	With	high	probability,	a	random	unitary	sampled	from	a	𝑡-design	has	
circuit	complexity	Ω 𝑡 .

¡ If	your	𝒕-design	can	be	constructed	using	𝑶(𝒏𝒂𝒕)	random	gates,	
¡ i.e.,	a	random	circuit	𝑈	with	𝑳	gates	is	a	𝛀(𝑳/𝒏𝒂)-design.	

¡ By	lemma,	w.h.p.,	𝐶% 𝑈 = Ω(𝐿/𝑛()

¡ Theorem	2	(linear	unitary	𝑡-designs):	

For	any	𝑛 ≥ 2, 𝒕 ≤ 𝜣(𝟐𝒏/𝟐),	2-local	all-to-all	random	quantum	circuits	with	
𝑳 = 𝑶(𝒕𝒏𝟒)	random	gates	form	approximate	unitary	t-designs	with	a	constant	
multiplicative	error.	

𝑂(𝑡 ⋅ poly(𝑛))	also	holds	for	any connected	architecture	and	
any	universal	generating	set	(containing	inverses	and	algebraic	matrix	entries).

I.	Incompressibility



Multiplicative-error designs from spectral gaps

¡ Given	a	distribution	𝜈	on	SU 2( ,	the	spectral	gap	for	𝜈	is
Δ(𝜈, 𝑡) ≔ 1 − 𝔼?∼A 𝑈⊗ J𝑈 ⊗C − 𝔼?∼DEEF 𝑈⊗ J𝑈 ⊗C

G

HIJ	𝐞𝐬𝐬𝐞𝐧𝐭𝐢𝐚𝐥	𝐧𝐨𝐫𝐦	VW	A	≔	𝑔(A,	C)

¡ 𝑔 𝜈∗$, 𝑡 ≤ 𝑔 𝜈, 𝑡 $

¡ Lemma:	𝜈∗$	is	a	unitary	𝑡-design	with	multiplicative	error	𝜖	when	
𝐿 = 𝑂(Δ 𝜈, 𝑡 Y" ⋅ (𝑛𝑡 + log(1/𝜖)))

¡ To	prove	our	main	theorems,	it	suffices	to	show	that	Δ 𝜈, 𝑡 = 1/poly(𝑛).

I.	Incompressibility

Independent	from	𝒕!

II.	Spectral	gaps

largest	eval	of	𝔼&∼( 𝑈⊗ ]𝑈 ⊗* −	second	largest	eval	of	𝔼&∼( 𝑈⊗ ]𝑈 ⊗*



“PFC” ensemble

C:	A	random	Clifford F:	A	random	phase	gate

arXiv:	2404.12647

P:	A	random	permutation

¡ [MPSY24]:	The	“PFC”	ensemble	forms	an	additive-error	𝑡-design	for	any	𝑡 ≤ 𝑂(2(/#).	

𝐹 = a
+∈ -,/ !

−1 0(+)|𝑣⟩⟨𝑣|

where	𝑓: 0,1 3 → {0,1}	

𝑃 = a
+∈ -,/ !

|𝜋(𝑣)⟩⟨𝑣|

where	𝜋 ∈ Sym(23)

I.	Incompressibility II.	Spectral	gaps



Let us modify “PFC”

💡
1. Show	an	initial	spectral	gap	for	“PFC”

2. Break	“PFC”	into	“baby	steps	of	local	gates”

3. Analyze	the	spectral	gap	of	one	“baby	step”

4. Relate	it	to	the	spectral	gap	of	2-local	random	quantum	circuits

¡ [MPSY24]:	The	“PFC”	ensemble	forms	an	additive-error	𝑡-design	for	any	𝑡 ≤ 𝑂(2(/#).	

To	prove	𝒕-independent	spectral	gaps	for	2-local	random	quantum	circuits:	

¡ Lemma:	The	spectral	gap	for	the	“CPFPC”	ensemble	is	Ω( C
#!/#).	

I.	Incompressibility II.	Spectral	gaps



Step 2

¡ C:	Replace	with	any	2-design	with	a	constant	multiplicative	error.

¡ P:	Kassabov’s	expander	on	the	alternating	group.

¡ F:	Mixing	in	an	abelian	group	is	slow…	
¡ Let	us	get	rid	of	F!

¡ Simulate	F	by	𝑃𝑍$𝑃)$

1. Show	an	initial	spectral	gap	for	“CPFPC”
2. Break	“CPFPC”	into	“baby	steps	of	local	gates”
3. Analyze	the	spectral	gap	of	one	“baby	step”
4. Relate	it	to	the	spectral	gap	of	2-local	random	quantum	circuits

I.	Incompressibility II.	Spectral	gaps



Step 3: The “CPZPC” ensemble

¡ C:	𝑂(𝑛)	layers	of	brickwork	random	2-qubit	gates

¡ P:	𝑂(𝑛*)	random	3-qubit	gates	due	to	Kassabov	(roughly)

¡ Z:	one	fixed	1-qubit	Pauli	Z

¡ P:	𝑂(𝑛*)	random	3-qubit	gates	due	to	Kassabov	(roughly)

¡ C:	𝑂(𝑛)	layers	of	brickwork	random	2-qubit	gates

1. Show	an	initial	spectral	gap	for	“CPFPC”
2. Break	“CPFPC”	into	“baby	steps	of	local	gates”
3. Analyze	the	spectral	gap	of	one	“baby	step”
4. Relate	it	to	the	spectral	gap	of	2-local	random	quantum	circuits

Lemma:	For	𝑡 ≤ 𝑂(2(/#),	the	spectral	gap	of	“a	baby	step”	is	constant.	

A	baby	step

I.	Incompressibility II.	Spectral	gaps



Step 4
1. Show	an	initial	spectral	gap	for	“CPFPC”
2. Break	“CPFPC”	into	“baby	steps	of	local	gates”
3. Analyze	the	spectral	gap	of	one	“baby	step”
4. Relate	it	to	the	spectral	gap	of	2-local	random	quantum	circuits

Detectability	lemma
Quantum	union	bound

arXiv:	2203.16571
🛠
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Step 4
1. Show	an	initial	spectral	gap	for	“CPFPC”
2. Break	“CPFPC”	into	“baby	steps	of	local	gates”
3. Analyze	the	spectral	gap	of	one	“baby	step”
4. Relate	it	to	the	spectral	gap	of	2-local	random	quantum	circuits

I.	Incompressibility II.	Spectral	gaps

Lemma:	Let	𝐺", 𝐺#, ⋯ , 𝐺r	be	subgroups	of	𝑈(2(),	each	of	which	acts	on	only	
constantly	many	qubits.	Then,

Δ unif 𝐺" ∗ unif 𝐺# ∗ ⋯∗ unif 𝐺r , 𝑡 ≥ 𝛿

Δ “2−local	all−to−all”, 𝑡 ≥ Ω(𝛿/𝑚)

Theorem:	For	𝑡 ≤ 𝑂(2(/#),	the	spectral	gap	of	2-local	all-to-all	random	quantum	
circuits	is	Ω(𝑛Ys).	



An expander on the alternating group

¡ An	infinite	family	of	 Alt 𝑁 , 𝑆t = a	generating	set	for	Alt 𝑁 	 t
¡ The	family	of	the	associated	Cayley	graphs	is	“expanding”.	

¡ The	spectral	gaps	of	the	associated	adjacency	matrices	are	“nicely”	bounded.	

¡ 	1 − 𝔼u∼v$𝑃
⊗C − 𝔼u∼wxy(t)𝑃⊗C G

≥ Ω( 𝑆t Y")

Cayley	graph	of	the	dihedral	group	𝐷4	
generated	by	𝑎	and	𝑏

I.	Incompressibility II.	Spectral	gaps III.	Kassabov’s	expander



Two papers by Mar;n Kassabov

An	explicit	generating	set	of	constant	size	
that	is	rapidly	mixing,	of	Alt(𝑁)	for	each	𝑁.	

So,	the	spectral	
gaps	are	constant.

But	can	the	generating	set	be	
“efficiently	implemented”?	

I.	Incompressibility II.	Spectral	gaps III.	Kassabov’s	expander



Efficient implementation of the generators

¡ An	infinite	family	of	 Alt 𝑁 , 𝑆t = a	generating	set	for	Alt 𝑁 	 t
¡ For	each	𝑁 = 2(,	can	each	generator	in	𝑆t	be	implemented	with	poly(𝑛)	

“simple”	gates?	

¡ Theorem	(Kassabov’s	generators	are	short	reversible	circuit):	

For	any	𝑛 ≥ 1,	each	generator	in	𝑆#! 	can	be	implemented	on	𝑛	bits	using	𝑂(𝑛)	
NOT,	controlled-NOT,	and	Toffoli	gates	without	any	ancilla	bit.

I.	Incompressibility II.	Spectral	gaps III.	Kassabov’s	expander



Summary

¡ We	prove	that	random	quantum	circuits	form	multiplicative-error	unitary	𝑡-
designs	with	𝑂 𝑡 ⋅ poly(𝑛) 	gates
¡ Convert	the	“PFC”	ensemble	into	“baby	steps	of	local	gates”	

¡ Prove	a	𝑡-independent	spectral	gap	for	a	baby	step

¡ “P”	is	based	on	an	efficient	implementation	of	Kassabov’s	expander	on	the	alternating	group

¡ Linear	unitary	t-designs	à	linear	growth	of	robust	quantum	circuit	complexity	
(aka.	random	circuits	are	incompressible)


